The limits of standard cosmography are here revised addressing the problem of error propagation during statistical analyses. To do so, we propose the use of Chebyshev polynomials to parameterize cosmic distances. In particular, we demonstrate that building up rational Chebyshev polynomials significantly reduces error propagations with respect to standard Taylor series. This technique provides unbiased estimations of the cosmographic parameters and performs significatively better than previous numerical approximations. To figure this out, we compare rational Chebyshev polynomials with Padé series. In addition, we theoretically evaluate the convergence radius of (1,1) Chebyshev rational polynomial and we compare it with the convergence radii of Taylor and Padé approximations. We thus focus on regions in which convergence of Chebyshev rational functions is better than standard approaches. With this recipe, as high-redshift data are employed, rational Chebyshev polynomials remain highly stable and enable one to derive highly accurate analytical approximations of Hubble's rate in terms of the cosmographic series. Finally, we check our theoretical predictions by setting bounds on cosmographic parameters through Monte Carlo integration techniques, based on the Metropolis-Hastings algorithm. We apply our technique to high-redshift cosmic data, using the JLA supernovae sample and the most recent versions of Hubble parameter and baryon acoustic oscillation measurements. We find that cosmography with Taylor series fails to be predictive with the aforementioned data sets, while turns out to be much more stable using the Chebyshev approach.
I. INTRODUCTION
The cosmic acceleration is today confirmed by a large number of observations [1, 2] and represents a consolidate challenge of modern cosmology. To disclose the physics behind it, model-independent techniques have been widely investigated during last years. Strategies toward model-independent treatments have as main target the determination of universe's expansion history without the need of postulating a priori dark energy contributions. A particular attention is currently given to cosmography [4] [5] [6] [7] [8] [9] [10] [11] [12] . Standard cosmography lies on Taylor expansions of cosmic distances. The method provides a powerful tool to study the dark energy evolution without assuming its functional form in the Hubble rate. Moreover, fixing limits over free cosmographic parameters alleviates degeneracy among models and enables to understand which paradigms are effectively favored directly with respect to data surveys. Although cosmography candidates as a robust tool to understand whether dark energy evolves or not, cosmic data unfortunately span on intervals z ≥ 1. This limit poses severe restrictions on cosmography and makes inapplicable Taylor expansions built up around z 0.
One stratagem to overcome this problem is to parameterize Taylor expansions in terms of auxiliary variables. Unfortunately, even this case turns out to be jeopardized by severe error propagations over the final outcomes. More recently, a further effort has been the use of Padé approximation built up to converge at higher redshift domains [13, 14] . In this case, however, the expansion orders are not fixed a priori and this causes difficulties on evaluating the rate of convergence as z → ∞. Thus, the limits of standard Taylor approach lying on z ≥ 1 are essentially alleviated but not fully fixed.
Motivated by the need of reducing relative uncertainties in cosmography, we here propose a new cosmographic technique based on Chebyshev polynomials. Chebyshev polynomials represent sequences of orthogonal polynomials, recursively-defined through trigonometric functions. In our approach we develop a new Chebyshev cosmography adopting the strategy of building up rational approximations made by these polynomial functions.
We demonstrate that, under the hypothesis of rational Chebyshev polynomials, distinguishing Chebyshev functions of first and second kinds is not relevant since the final output gives analogous results in both the cases. For simplicity, we limit our analysis on first kind Chebyshev polynomials only and we write the sequence of Chebyshev rational functions which better approximate Taylor series up to a certain order. We thus show that our Chebyshev ratios provide nodes in polynomial interpolation, minimizing cosmographic uncertainties leading to the most likely well-motivated approximation to cosmic distances. We even present theoretical motivations behind our choice by computing the convergence radii for different choices of polynomial approximations.
To check how well our model works we also study Padé expansions and we compare the Chebyshev technique with them. We finally show the advantages of our procedure with respect to the old approaches using data surveys, confronting the cosmological quantities built from our method with the observables of the latest cosmological data sets. We adopt a Monte Carlo analysis employing the Metropolis-Hastings algorithm, choosing JLA supernova, baryon acoustic oscillation and differential age measurements. We show the goodness of our procedures comparing the outcomes coming from standard cosmography and our method, showing that error uncertainties are effectively reduced.
The structure of the paper is as follows. In Sec. II, we review the general aspects of cosmography. In Sec. III, we describe the mathematical features of the Chebyshev polynomials and present the method of the rational Chebyshev approximations. In Sec. IV, we derive a new model-independent formula for the luminosity distance, and compare the new method with the standard cosmographic procedures to verify the goodness of our approach. In Sec. V, we place observational limits on the cosmographic parameters through a confront with the most recent experimental data. Finally, in Sec. VI we summarize our findings and conclude.
II. THE COSMOGRAPHIC APPROACH
The study of the cosmic evolution can be done independently of energy densities by means of cosmography. This model-independent technique only relies on the observationally justifiable assumptions of homogeneity and isotropy [15] [16] [17] . The great advantage of this method is that it allows one to reconstruct the dynamical evolution of the dark energy term without assuming any particular cosmological model. Cosmography involves Taylor expansions of observable quantities that may, in principle, go up to any order. These expansions can be compared directly with data. The outcomes of this procedure ensure the independence from any postulated equation of state governing the evolution of the universe and, thus, help to break the degeneracy among cosmological models. The homogenous and isotropic universe is governed by the single degree of freedom offered by a(t), as demanded by the cosmological principle. Hence, following the most recent measurements of [3] and assuming a spatially flat universe 1 , we can expand a(t) in Taylor series around present time t 0 [19, 20] :
where a(t 0 ) = 1. The expansion above defines the cosmographic series [21] [22] [23] [24] [25] :
known in the literature as Hubble, deceleration, jerk and snap parameters 2 . These coefficients are used to describe the expansion history of the universe at late times.
Using the relation z = a −1 − 1 and Eq. (1), one finds the Taylor series expansion of the luminosity distance as function of the redshift [26] [27] [28] [29] :
The above expression for the luminosity distance can be used to obtain limits on the cosmographic parameters and study the low-z dynamics of the universe with no need of any a priori assumed cosmological model. In fact, plugging Eq. (4) into the definition
one gets
which describes the expansion history of the late-time universe up to the snap parameter.
A. The convergence problem
The limits of the standard cosmographic approach, based on the Taylor approximations, emerge when cosmological data at high redshifts are used to get information on the evolution of the dark energy term. In fact, the Taylor series converges if z < 1, so that any cosmographic analysis employing data beyond this limit is plagued by severe restrictions. A way to extend the radius of convergence of the Taylor series to high-redshift domains is represented by the method of rational approximations, among which the Padé polynomials represent a relevant example [30] . The Taylor expansion of a generic function
, where c i = f (i) (0)/i!, whereas one defines the (n, m) Padé approximant of f (z) as the rational polynomial
Since by construction one requires that b 0 = 1, we have:
The coefficients b i in Eq. (7) are thus determined by solving the following homogeneous system of linear equations [31] :
valid for k = 1, . . . , m. All coefficients a i in Eq. (7) may be computed using the formula
The technique of Padé approximations has been recently investigated in the context of cosmography to handle the divergence problems at high-z domains [13, 14] . In the next section, we present the method of rational Chebyshev polynomials that we will use to obtain a new cosmographic expression for the luminosity distance.
III. RATIONAL CHEBYSHEV POLYNOMIALS
The method we propose here aims to optimize the technique of rational polynomials and consists of approximating the luminosity distance with a ratio of Chebyshev polynomials. In fact, the Padé approximants are built up from the Taylor approximation of d L (z) whose error bars, by construction, rapidly increase as the redshift departs from zero. Motivated by this issue, we exploit the Chebyshev polynomials. Such a choice aims at reducing the uncertainties on the estimate of the cosmographic parameters.
The Chebyshev polynomials 3 T n (z) are defined through the identity
where θ = arccos(z) and n ∈ N 0 . They form an orthogonal set with respect to the weighting function
where δ nm is the Kronecker delta. The Chebyshev polynomials are generated from the recurrence relation
The explicit expressions of the first five polynomials 4 that we will employ to build the new expression for d L (z) read [33] :
It is possible to express the powers of z in terms of the Chebyshev polynomials according to the formula [31] :
for n > 0. Here, [n/2] is the integer part of n/2, a k = 1/2 if k = n/2 and a k = 1 if a k = n/2, and n k are the binomial coefficients.
Let
w the Hilbert space of the square-integrable functions with respect to the measure w −1 (z) dz. Suppose we know the truncated Taylor series of f (z) around the point z = 0, g(z). It is possible to obtain the polynomial of degree n,
w . Formally, the Chebyshev series expansion of f (z) reads
where
Hence, we define the (n, m) rational Chebyshev approximant as
For b 0 = 0, through a redefinition of the coefficients, we can recast Eq. (18) in the form
Applying a similar procedure used to obtain the Padé approximants, one can calculate the unknown coefficients a k and b k by equating Eq. (16) and Eq. (19) up to the (n + m)-th Chebyshev polynomial:
By doing so, one gets:
To calculate the products of Chebyshev polynomials that occur in the left hand side of Eq. (21), one can make use of the trigonometric identity
which leads to the relation
Thus, equating the terms with the same degree of T 's yields (n+m+ 1) equations for the (n+m+ 1) unknowns in Eq. (19) .
In the next section, we apply the mathematical procedure we have presented above to find a very accurate model-independent expression for the luminosity distance. We also compare our method with the cosmographic approaches developed so far in the literature.
IV. THE CHEBYSHEV COSMOGRAPHY
We are here interested in approximating the luminosity distance with rational Chebyshev polynomials. First, we need to express d L (z) in terms of Chebyshev polynomials according to Eq. (16) . To do that, we calculate the coefficients c k in Eq. (17) where, in our case, g(z) is the Taylor expansion given in Eq. (4). Hence, the fourthorder Chebyshev expansion of the luminosity distance can be expressed as
where the coefficients c n read:
Thus, one can construct the rational Chebyshev approximations of d L (z) as in Eq. (19) starting from Eq. (23).
We report some explicit expressions in Appendix A. Polynomials of high degrees will lead to more accurate approximations, even though these are the ones characterized by more complicated analytical forms, of course.
A. Calibrating Chebyshev polynomials with the concordance model
To check the accuracy of various Chebyshev approximations, we compare them with the ΛCDM luminosity distance,
in which we have:
According to a spatially flat universe, we set Ω Λ = 1 − Ω m0 , having Ω m0 the matter density at current time.
In the concordance paradigm case, the cosmographic parameters can be calculated in terms of Ω m0 : As an indicative possibility, we fix Ω m0 = 0.3. So that from Eq. (26) one gets:
Using the values of Eq. (27), in Fig. 1 we show the behaviour with the redshift of
for different degrees of rational Chebyshev approximations. In principle, to approximate the ΛCDM model some of the rational Chebyshev polynomials may present singularities turning out to give unsuitable outcomes. To overcome this issue, the preferred rational approximations are those with n − m ≥ 0, in analogy to what happens for Padé approximations [34] . In particular, as practically checked the approximant R 2,1 (z) seems to give the most accurate approximation to the luminosity distance of the ΛCDM model. Assuming that the calibration with the concordance paradigm would be viable for any possible dark energy term, we assume that the most suitable approximation with Chebyshev polynomials comes from R 2,1 (z).
To portray a qualitative representation of numerical improvements that one gains using our method, we compare R 2,1 (z) with the standard fourth-order Taylor expansion of d L (z) given in Eq. (4), and with the (2,2) Padé approximation of d L (z). We choose the (2,2) Padé approximation since it has been argued that it is robustly characterized by good convergence properties [34] as used in computational analyses. We note that, while in the Taylor and Padé approximations the snap parameter shows up at the fourth order, in the rational Chebyshev polynomials it is present from the lowest degrees, since all the coefficients c k of Eq. (23) for the various techniques. As can be seen, the Taylor approach fails when z > 1. Our Chebyshev cosmography stands out for the excellent approximation to the ΛCDM luminosity distance, resulting mostly more effective than Padé approximations.
B. The convergence radius
We here argue how to broadcast the above considerations to well-motivated theoretical scenarios. Thus, we wonder whether Chebyshev cosmography is expected to effectively improve the approximations to cosmic distances than standard cosmography. To do so, it behooves us to check how much the aforementioned approximations are stable to higher redshifts. Hence, one can test the ability of the various cosmographic techniques, able to describe high-redshift domains, by a direct comparison among the corresponding convergence radii, here defined by ρ.
As a simple example, we explicitly calculate the convergence radius of the (1,1) rational Chebyshev approximation of the luminosity distance, compared to the secondorder Taylor series and to the (1,1) Padé approximation. From Eqs. (14) and (19) , it holds
where the coefficients {a 0 , a 1 , b 1 } are expressed in terms of the cosmographic series as shown in Eq. (A1). We can rearrange Eq. (28) as
and, after some algebra, one obtains
The geometric series in Eq. (30) converges for |z| < 1/|b 1 |, so that the convergence radius of the (1,1) rational
Analogous calculations show that the convergence radius of the (1,1) Padé approximant for d L (z) is
The convergence radius of the second-order Taylor series of d L (z) is approximately given by
For the sake of completeness, the numerical values of ρ R1,1 , ρ P1,1 and ρ d L,2 should be computed by using fitting results over the cosmographic coefficients. However, an analogous check can be made assuming the reference values Eq. (26) . In such a case, one gets:
These indicative results confirm the improvements of the rational polynomials in extending the radius of convergence with respect to the Taylor series. From the outcomes of Eq. (26) we notice that the convergence radius of the Padé approximation seems fairly better than the Chebyshev one. However, this is due to the choice made on the set q 0 , j 0 and s 0 . In Fig. 3 we plot the convergence radii for Taylor, Padé and Chebyshev polynomials with a different set of cosmographic coefficients not calibrated over the concordance paradigm. In Fig. 3 , in particular, we show the regions in which the improvements of Chebyshev rational approximations become significant in terms of the convergence radius.
V. OBSERVATIONAL CONSTRAINTS
In this section, we present the data we use to set bounds on the cosmographic parameters.
A. Supernovae Ia
In the present work, we test the Joint Light-curve Analysis (JLA) sample of 740 SNe of type Ia [35] in the redshift interval 0.01 < z < 1.3. All the SNe have been
standardized using the SALT2 model [36] as fitter for their light curves. The catalogue provides, for each SN, the redshift z, model-independent apparent magnitude in the B band (m B ), the stretch factor of the light-curve (X 1 ), and the colour at maximum brightness (C). The theoretical distance modulus,
is parametrized as follows:
where the absolute magnitude is defined as
being M host the host stellar mass. The nuisance parameters {M , ∆ M , α, β} are fitted together with the cosmological parameters. The normalized likelihood function of the SNe data is given by
where C is the 2220×2200 covariance matrix constructed as in [35] , which includes statistical and systematic uncertainties on the light-curve parameters.
B. Observational Hubble Data
The Hubble rate of a given cosmological model can be constrained by means of the model-independent measurements acquired through the differential age (DA) method, first presented in [37] . Such a technique uses red passively evolving galaxies as cosmic chronometers. In particular, one can obtain H(z) by measuring the age difference of two close galaxies and using the relation:
The normalized likelihood function for the OHD data (L OHD ) is built using a collection of 31 uncorrelated DA measurements of H(z), which we report in Appendix C:
C. Baryon Acoustic Oscillations
Intensive studies on the large scale structures of the universe have been done thanks to galaxy surveys. The baryon acoustic oscillations that occur in the relativistic plasma come in the form of a characteristic peak in the galaxy correlation function. The BAO measurements are usually given in the literature as d
namely the ratio between the comoving sound horizon at the drag epoch (r d ) and the spherically averaged distance measure introduced in [39] :
We construct the normalized likelihood function for the BAO data using the six uncorrelated and modelindependent measurements given in [38] , which we list in Appendix C:
D. Results of the Monte Carlo analysis
To test the different cosmographic approaches, we performed a Markov Chain Monte Carlo (MCMC) integration on the combined likelihood of the datasets we presented above:
We implemented the Metropolis-Hastings algorithm with the Monte Python code [40] , assuming uniform priors for the parameters (see Table I ). The numerical results of our joint analysis are shown in Table II . Also, in Figs. 4 to 6 we show the marginalized 2D 1σ and 2σ regions and the 1D posterior distributions for the cosmological and nuisance parameters in the case of the three cosmographic techniques. Our results prove that the method of rational Chebyshev polynomials reduces the uncertainties in the estimate of the cosmographic parameters with respect to the other approaches, as shown by the relative errors in Table III . An alternative approach is to start from the cosmographic expansion series of the Hubble rate and, then, evaluate the luminosity distance by numerical integrations, as pointed out in [41] . However, it turns out that the analysis based on rational Chebyshev approximations of H(z) does not lead to further reduction of the error propagation with respect to our original approach. 
VI. SUMMARY AND CONCLUSIONS
In this work, we revised the convergence problem in cosmography, adopting a new method to reduce error uncertainties and bias propagations as high-redshift data are used. We set bounds on the cosmographic series, considering rational approximations of the luminosity distance and we demonstrated that such approximations are also valid for any cosmic distances. In particular, our novel procedure is based on approximating the luminosity distance d L (z) with ratios of Chebyshev polynomials. Since, by definition, Chebyshev approximants are the most suitable polynomials in approximating functions, we expected to get fairly good outcomes in computing cosmographic series. Indeed, we found that our approach overcomes the convergence issues typical of standard cosmographic techniques based on Taylor approximations. This has been confirmed by computing convergence radii for different sets of cosmographic coefficients. We also compared our new approach with the consolidate procedure of Padé expansions. We showed that both numerical bounds and convergence radii are improved under precise conditions. This naturally showed that Chebyshev rational polynomials are more suitable to describe the cosmic dynamics at z > 1 than Padé series. Bearing this in mind, through the predictions of the concordance ΛCDM model, we calibrated the orders of Chebyshev rational polynomials, providing the recipe of a new Chebyshev cosmography, which turned out to be more predictive than Taylor series at all redshift domains. We evaluated the (2,1) Chebyshev series, corresponding to a fourth-order Tayor series and to a (2,2) Padé approximation. This showed that lower order Chebyshev series work better than higher ones constructed by Taylor and Padé recipes. We finally checked the goodness of our method, statistically combining the JLA supernova compilation, H(z) differential age data and baryon acoustic oscillation measurements by performing Monte Carlo integrations based on the Metropolis-Hastings algorithm. To do so, we employed the free available Monte Python code and we computed the corresponding contours up to the 95% confidence level. The numerical improvements have been reported in terms of percentages on 1σ and 2σ confidence levels. The error percentages are severely lowered whereas the mean values are centred around intervals compatible with previous results on cosmography.
Our final outcomes forecast that the technique of Chebyshev cosmography substantially decreases the relative uncertainties on the estimates of cosmographic parameters respect to other previous approaches. This procedure candidates as a new way toward computing the cosmographic series and to better fix constraints on cosmography. Chebyshev cosmography is thus able to heal previous inconsistencies on convergence which plagued cosmography itself. Further, it enables to use highredshift data surveys in cosmographic analyses with no large spreads over fitted coefficients.
Future efforts will be devoted to match Padé and Chebyshev techniques in different redshift domains. We will work on characterizing the cosmographic data over binning intervals in which one will be able to highly maximize both the convergence radii and mean values and to minimize both bias and uncertainties on free cosmographic coefficients.
Appendix A: Rational Chebyshev approximations of the luminosity distance
In this appendix, we write the rational Chebyshev approximations of the luminosity distance up to the fourth degree: − 25508z 2 + 43004z 3 ))))) , 
